
 
 
 
 

FRACTIONAL CALCULUS 
IN AUTOMATICS 

 
 
 

Piotr Ostalczyk 
Institute of Applied Computer Science 

Lodz University of Technology 
Poland 

 
 
 
 
 
 
 

 
MMAR, Międzyzdroje 2012 



Contens 
 
2. Fractional continuous-time system 

2.1 Transfer function of a fractional system 
2.1.1 Response of a fractional system described by 

a transfer function 
2.2 State-space description of a fractional system 

2.2.1 Response of a fractional system described by 
a state space equations 

2.3 Frequency characteristics of fractional elements 
2.4 State – space realisations of a fractional system 
2.5 Stability of a fractional system 
2.6 Identification of a fractional system 
2.7 Fractional control 

2.7.1 CRONE controller 
2.7.2 Fractional PID controller 

 
 
 
 
 
   
 
 
 
 
 
 



1. Fractional continuous – time system 
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2.1 Fractional transfer function 
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Example 2.1 
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2.1.1 Impulse response of a fractional system  
described by a transfer function 
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Introducing a new variable 
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Rpn ,  - number of real poles, 

   - real pole, Rpn , Riw ,
   - number of complex poles, Cpn ,
  - complex pole, Ciw ,
  - real coefficients, iR
  - complex coefficient. iC

  
Example 2.2  
 
 

Find an impulse response of a system 
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Fig.2.1 Impulse response of a fractional system 
 
 
 
 
 
 
 
 
 
 
 
 



2.2 State-space description of a fractional 
system 
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1×n  – state vector 
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SISO linear, time – invariant continuous – time 
commensurate FO system 
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Fig.2.1 Block diagram of the FO linear system 
with the FO integrator. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 



2.2.1 Response of a fractional system described by 
a state space equations 
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Example 2.3 
 
Evaluate FO system described by the state – 
space equations a homogenous response for 
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Fig.2.2 FO system states vs. time. 

 
 
 
 
 
 
 
 
 
 



2.3 Frequency characteristics of fractional 
elements 
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3.1 Frequency characteristics of the 
fractional integrator (FI) 

 

FI transfer function 
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Fig.2.3 Nyquist charastristics of the FI for different orders 
and constant uT  



The amplitude characteristic of the FI 
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Fig.2.4 Amplitude characteristic of the FI for 
different orders and constant uT  



 

The phase angle characteristic of the FI  
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Fig.2.5 Phase angle characteristic of the FI for 
different orders and constant uT  

 



3.2 Frequency characteristics of the FO 
inertial element (FOIE) 
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Fig.2.6  Block diagram of the FO inertial 
element with the time constant uT  
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FOIE Nyquist characteristic equation 
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Nyquist plots of the FOIE 
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Fig.2.7 Nyquist plots of FOIE for 
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Fig.2.8 Nyquist plots of FOIE for 

[ ]80.1,72.1,08.1,00.1 L∈ν   



The amplitude characteristic of the FOIE 
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The phase angle characteristic of the FOIE 
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Fig.2.9 Amplitude characteristic of the FOIE for 
orders [ ]0.1,9.0,2.0,1.0 L∈ν  and constant uT    
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Fig.2.10 Amplitude characteristic of the FOIE for orders 
[ ]9.1,8.1,2.1,1.1 L∈ν  and constant uT .  
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Fig.2.11 Phase angle characteristic of the FI for 
[ ]0.1,9.0,2.0,1.0 L∈ν  and constant uT   . 
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Fig.2.12 Phase angle characteristic of the FI for 
[ ]9.1,8.1,2.1,1.1 L∈ν  and constant uT     . 



2.4 Realisations of a fractional system 
 
Consider a commensurate system described by 
a transfer function 
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d - least common denominator of all orders 
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Fig. 2.13 State – space realisation with FOIs of 
order ν  
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2.5 Stability of a fractional system 
 

Characteristic polynomial 
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Theorem 
 

Linear, time - inwariant FO dynamic system 
is asymptotically stable if and only if  
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Fig. 2.14 Shadowed stability range for 10 <<ν   
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Fig. 2.15 Shadowed stability range for 1=ν  
 
 



2.6 Identification of a fractional system 
  
Identification of an ultracapacitor (gold 
capacitor) 
 
 
1. High capacitance (≈ kF), 
2. Low  weight  (in  comparison  to  classical 

cells), 
3. High charging/discharging time , 
4. Parameters  constancy  due  to  repeated 

charges and discharges (up to  ). 610
5. Decreasing  capacitor  voltage  due  to 

discharge time 
6. Low maximal voltages (≈4V) 
 
 
 

 
 
 
 



 
 
 

 
 

Fig. 2.16 Ultracapacitors 

 
 

Fig. 2.17 Meter circuit 



Mathematical model of the ultracapacitor (gold 
capacitor) 

 

 
 

Fractional transfer function 
 

 
 
 
   

 
 

 
 
Fig. 2.17 Block diagram of the Wiener model 

of the ultracapacitor 
 

, 

341.0=ν  



  
Fig. 2.18 Statical characteristic  

  
Fig. 2.19 Charging characteristics: measured 

(red) and simulated (black) 
 



 
Fig. 2.20 Error between measured and 
simulated transient characteristics [V] 
 

 
 
 
 
 
 
 
 



2.7  Fractional control 
 
2.7.1 CRONE controller 
 
Consider an open – loop system consisting of 
the linear, time – invariant plant described by 
the classical transfer function ( )p,sGo   
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where p – plant parameter vector 
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and classical controller (compensator) 
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Relation between an open - and closed – loop 
characteristics FIs and classical systems 
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Fig. 2.21 Relation between an open - and 
closed – loop characteristics  
 
 



The CRONE controller idea (fr. Commande 
Robuste d’Ordre Non Entiere) 
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Example 2.4 
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One assumes a pre-compensator 
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Fig. 2.22 Nyquist plot of the open – loop 
system with simplified uncertainty range  
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Fig. 2.23 Step responses of the closed – loop 
system with CRONE controller for 

var1 =p and var2 =p . 



2.7.2 FO PID controller 
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PK , IT , DT   - controller parameters, 
ν  - integration order, 
µ  - differentiation order. 
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Fig.2.24 Block diagram of a closed – loop 
system with FO controller 
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Fig.2.25 Step responses of the ideal FO PID 
controller ( ) ( )5.0DPI ν  for { }9.0,,1.0,0.0 L∈ν   
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Fig.2.26 Step responses of the ideal FO PID 
controller ( ) ( )5.0DPI ν  for { }9.1,,1.1,0.1 L∈ν   



Nyquist characteristics of the FO PID controller 
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Fig.2.27 Nyquist characteristics of the  
( ) ( )µν DPI  for 1=== DIP TTK  
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